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Abstract
In this work the problem about an existence of non-measurable automorphisms
of Lie groups finite and as well infinite dimensional over the field of real numbers
and also over the non-archimedean local fields is investigated. Non-measurability of
automorphisms is considered relative to real-valued measures and also measures with
values in non-archimedean local fields. Their existence is proved and a procedure for
their construction is given. Their application for a construction of non-measurable
irreducible unitary representations is demonstrated.
1 Introduction
Continuous automorphisms of Lie groups were widely studied [4, 18, 23, 21], but discontin-
uous and non-measurable automorphisms are known substantially less [2, 13, 7, 8, 9]. In
this work an explicit direct procedure of a construction of non-measurable automorphisms of
locally compact Lie groups is given and it is proved that their existence is a local property.
Moreover, non-measurable automorphisms of locally compact Lie algebras are constructed.
Their application for the construction of weakly non-measurable irreducible unitary represen-
tations of locally compact groups is given. In this article basic necessary facts are reminded.
Besides this non-measurable automorphisms of infinite dimensional over the real field, as well
as non-archimedean fields of zero characteristic, Lie groups, which are not locally compact
are studied. Non-measurable automorphisms on definite more general topological groups are
investigated. The basic results of the second section of the paper are Theorems 13, 15, 16,
19, 20 and Corollaries 14, 17, while in Corollary 14, Theorem 19 and §13 the specific features
of Lie groups are taken into account.
Besides real-valued measures here in the third section apart from the previous works non-
measurability of automorphisms of totally disconnected topological groups is investigated
also for measures with values in infinite locally compact fields of zero characteristic with
non-archimedean non-trivial multiplicative norms, that is with values in local fields.
2 Non-measurable automorphisms of groups relative to
real-valued measures
1. Definitions. For groups G and S a mapping f : G→ S is called a homomorphism, if it
preserves the multiplication operation, that is f(ab) = f(a)f(b) for each a, b ∈ G. If a homo-
morphism f is bijective and surjective from G onto S, f(G) = S, then the homomorphism
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f is called the (algebraic) isomorphism. In the case G = S an isomorphism f is called the
automorphism.
A homomorphism f : G→ U(H) is called a unitary representation of the group G, if H
is the Hilbert or the unitary space over C, U(H) is the unitary group of H . In the particular
case H = C, that is U(C) = S1 = {z ∈ C : |z| = 1}, a homomorphism f : G→ S1 is called
a character of the group G.
If g is a Lie algebra over the field F, then a bijective surjective mapping φ : g → g we
call an automorphism, if it preserves addition and multiplication: φ(a + b) = φ(a) + φ(b),
φ([a, b]) = [φ(a), φ(b)] for each a, b ∈ g.
A topological space X is called compact, if from each its open covering there is possible
to extract a finite subcovering. A topological space X is called locally compact, if each its
point x ∈ X has a neighborhood U , the closure of which U¯ is compact (see [25]; in [18] the
old topological terminology is slightly different from the new one [25]).
For a locally compact Hausdorff topological group G a non-negative non-trivial σ-additive
measure µ on the σ-algebra B(G) of all Borel subsets in G is called a left (or right) Haar
measure, if µ(gA) = µ(A) (or µ(Ag) = µ(A) respectively) for each A ∈ B(G) and g ∈ G.
Let a σ-algebra A(G) = Aµ(G) be a completion of the Borel σ-algebra B(G) with the
help of subsets P in G such that P ⊂ F ∈ B(G) and µ(F ) = 0, where µ is a non-negative
non-trivial σ-additive measure on the σ-algebra B(G). An automorphism f of a topological
group G is called µ-measurable, if f−1(U) ∈ A(G) for each U ∈ B(G). In the contrary case
an automorphism is called µ-non-measurable.
A set X with a σ-algebra of its subsets U is called a measurable space and it is denoted
by (X,U).
A measure ν is called absolutely continuous relative to the measure µ on the measurable
space (X,U), if from µ(A) = 0 it follows ν(A) = 0, where A ∈ U . Measures µ and ν are
called equivalent, if they are absolutely continuous relative to each other.
2. Lemma. Let G be a separable locally compact non-compact group, and let µ be a
non-negative Haar measure on G. Then on the one-point compactification αG (considered
as the topological space) there exists a finite measure ν equivalent to the measure µ.
Proof. For each locally compact non-compact topological space their exists its one-point
(Alexandroff) compactification due to Theorem 3.5.11 [25]. Take an open neighborhood U
of the unit element in G such that µ(U) <∞. Since µ is non-trivial, then µ(U) > 0. Due to
the separability of the group G there exists a countable family {gj : j ∈ N} of elements in
G such that
⋃
j gjU = G, where gU = {z : z = gf, f ∈ U}. Put
ν(A) :=
∑∞
j=1 µ((gjU) ∩ A)/2
j (1)
for each A ∈ A(G) and ν({α}) = 0, where {α} = αG\G is the compactification enlargement.
Then the measure ν is defined on A(αG) and 0 < ν(αG) < ∞. In view of Formula (1)
ν(A) = 0 if and only if µ(A) = 0. Therefore, measures µ and ν are equivalent.
3. Lemma. If µ and ν are two equivalent σ-additive measures on B(G), where G is a
topological group, then an automorphism f is µ-measurable if and only if it is ν-measurable.
Proof. Since measures µ and ν are equivalent and on the same σ-algebra B(G) are
given, then Aµ(G) = Aν(G). From the definition of measurability of the automorphism the
statement of this lemma follows.
4. Definitions. A subgroup H of a group G is called normal, if its left and right cosets
coincide gH = Hg for each g ∈ G. A group G is called algebraically simple, if it has not a
normal subgroup different from e and G, where e = eG is the unit element of the group G.
A topological group G is called topologically simple, if it has not a normal closed subgroup
different from e and G.
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5. Lemma. If f : G→ V is a homomorphism of an algebraically simple group G into a
group V , then either f−1(eV ) = eG or f
−1(eV ) = G.
Proof. The subgroup J = f−1(eV ) is normal in G, since if f(g) = eV , then f(h
−1gh) =
f−1(h)f(g)f(h) = f−1(h)f(h) = f(h−1h) = f(eG) = eV for each h ∈ G. Due to the
definition of the algebraic simplicity of the group G either J = eG or J = G.
6. Corollary. If an algebraically simple group G has a character f : G→ S1, then either
f−1(1) = eG or f
−1(1) = G, where S1 := {z ∈ C : |z| = 1} is the multiplicative Abelian
group.
7. Remark. If f−1(eV ) = eG for a homomorphism f : G → V , then f is bijective. In
this case f(G) is (algebraically) isomorphic with G. If moreover V is Abelian, for example,
V = S1, then G is Abelian and can not be simple, besides the trivial case G = e.
8. Lemma. If a Hausdorff topological group G is topologically simple and N is a normal
subgroup in G, then either N = eG or N¯ = G, where N¯ = clGN is the closure of N in G.
Proof. Each topological group is the uniform space with the entourages of the diagonal
of the form W (U) := {(g, q) ∈ G × G : g−1q ∈ U}, where U is an open neighborhood of e
in G (see Example 8.1.17 in [25]). If g ∈ N¯ , then there exists a net {gα : α ∈ Λ} such that
lim gα = g, where Λ is a directed set, gα ∈ N for each α ∈ Λ (see §1.6 and Corollary 8.1.4
in [25]). Since h−1gαh ∈ N for each h ∈ G, then due to the continuity of the multiplication
in G there is satisfied the equality limh−1gαh = h
−1gh, hence h−1N¯h = N¯ for each h ∈ G.
Then N¯ is the closed normal subgroup in G. In view of the topological simplicity of the
group G either N¯ = e or N¯ = G. Since N ⊂ N¯ , then in the case of N¯ = e we get N = e.
9. Corollary. If f : G → V is a continuous homomorphism of a topologically simple
group G in a topological group V , where G and V are Hausdorff, then either f−1(eV ) = eG
or f−1(eV ) = G.
Proof. In a Hausdorff topological space each singleton is closed (see §1.5 in [25]). Since
the homomorphism f is continuous, then f−1(eV ) =: N is closed in G. On the other hand,
N is the normal subgroup in G. From Lemma 8 this Corollary follows.
10. Remark. Henceforth, Lie groups G of the smoothness class C∞ over the field of
real numbers or Cω over local fields, that is finite algebraic extension of the field of p-adic
numbers, are considered, where a smoothness class is for G as the manifold and for the
smoothness of the operation G×G ∋ (g, q) 7→ g−1q ∈ G, C∞ denotes the class of infinitely
differentiable mappings, Cω denotes the class of locally analytic mappings. As usually U(n)
denotes the unitary group of the unitary space Cn, where n is the natural number.
11. Lemma. If G is a locally compact Lie group over R of the dimension n, then there
exists an open neighborhood U of the unit element e in G, which has a topological embedding
into (S1)n, as well as an embedding into U(n) as the local Lie group.
Proof. For a locally compact Lie group G of the smoothness class C∞ over R as it is
well-known there exists a Lie algebra g = TeG and an exponential mapping exp : V1 → U1
of an open neighborhood V1 of zero in g on an open neighborhood U1 of the unit element
e in G, while exp is the infinite differentiable diffeomorphism, U1 is a local Lie group (see
[4, 12, 18]).
As the linear space over R the algebra g has the dimension n, consequently, there exists
the embedding of U1 into R
n. Choose a compact subset V in V1, such that the interior
Int(V ) is the open neighborhood of zero in g. Then exp(V ) =: U is the compact subset in U1,
moreover, exp(Int(V )) is the local subgroup in G. Therefore, U has a topological embedding
intoRn/Zn, where the latter topological space is isomorphic with (S1)n. Since the Lie algebra
g has the basis of generators v1, ..., vm of a dimension not exceeding n, then each element
in U can be presented as the finite product of local one-parameter subgroups exp(tjvj) with
tj ∈ (−ǫ, ǫ), where ǫ > 0. For a sufficiently small ǫ > 0 each {exp(tjvj) : tj ∈ (−ǫ, ǫ)} has an
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embedding into S1 as the Abelian local subgroup.
In g in the open neighborhood of zero there is accomplished the Campbell-Hausdorff
formula (see Chapter III in [4]).
Remind that the Campbell-Hausdorff formula for the calculation of the expression w =
ln(euev) in the neighborhood of zero V of the Lie algebra g over K = R or a local non-
archimedean field K has the form:
w =
∑∞
n=1 n
−1
∑
r+s=n,r≥0,s≥0(w˜r,s + wˆr,s), where
w˜r,s :=
∑
m≥1(−1)
m+1m−1
∑∗((
∏m−1
i=1 (ad u)
ri(ri!)
−1(ad v)si(si!)
−1)
(ad u)rm(rm!)
−1)(v),
wˆr,s :=
∑
m≥1(−1)
m+1m−1
∑∗∗(
∏m−1
i=1 (ad u)
ri(ri!)
−1(ad v)si(si!)
−1)(u),
where
∑∗ denotes the sum by r1+ ...+ rm = r, s1+ ...+ sm−1 = s− 1, r1+ s1 ≥ 1,...,rm−1+
sm−1 ≥ 1, while
∑∗∗ denotes the sum by r1 + ... + rm−1 = r − 1, s1 + ... + sm−1 = s,
r1 + s1 ≥ 1,...,rm−1 + sm−1 ≥ 1,
where the convergence radius of the series depends on K and the multiplicative norm in it.
Each local one-parameter subgroup exp(tv) with t ∈ (−ǫ, ǫ) acts on g and then has the
embedding into Gl(n,R), therefore, U has the embedding into GL(n,R) (see also Theorems
58, 59, 84, 87-90 and Propositions 42(A,B), 56(A,B,C) in Chapter 10 §§42, 53, 56 and 57
[18]).
The Lie algebra u(n) has the basis of generators Ek,j − Ej,k, i(Ek,j + Ej,k) with 1 ≤
k < j ≤ n and iEj,j with j = 1, ..., n, where i = (−1)
1/2, Ek,j is the n × n matrix with
1 on the crossing of the k-th row and j-th column and others elements are zero. The Lie
algebra g has the embedding into gl(n,R), while each generator of the algebra gl(n,R) is the
linear combination of generators of the algebra u(n), hence g has the embedding into u(n)
as the Lie subalgebra. Then expu ◦lnG : U1 → U(n) gives the embedding, where expu is the
exponential mapping for the Lie algebra u(n) of the Lie group U(n), lnG is the logarithmic
mapping for G from U into V .
Certainly, in general an embedding of a local Lie subgroup may have not an extension
over the entire group.
12. Lemma. Let X be a Tychonoff (completely regular) dense in itself topological space
with σ-additive, σ-finite non-negative Borel regular measure µ on a complete σ-algebra Aµ
such that for each x ∈ X there exists an open neighborhood U of a finite positive measure
0 < µ(U) <∞, moreover, µ has not atoms in X. If f : X → X is the bijective epimorphic
mapping such that card(f(U) ∩ V ) ≥ c := card(R) for each open subsets U and V in X,
then f and f−1 are not (Aµ,B)-measurable.
Proof. Recall, that a measure µ is called Borel, if it is defined on the σ-algebra of all
Borel subsets B(X) in X, that is the minimal σ-algebra generated by the family of all open
subsets in X. In the given case the algebra Aµ is the minimal σ-algebra, produced from
B(X) and the family of all subsets of µ measure zero. A measure µ is called Borel regular,
if µ(A) = sup{µ(C) : C ⊂ A,C is closed } for each A ∈ B(X). If µ(A) < ∞, then the
transition to the completion gives µ(A) = inf{µ(V ) : A ⊂ V open }, since the measure µ is
σ-finite (see Theorem 2.2.2 [22]).
Let U and V be open in X, while by the condition of the Lemma card(f(U)∩V ) ≥ c, then
f−1(f(U)∩V ) = U ∩f−1(V ), since f is the bijective mapping from X onto X, consequently,
card(U ∩f−1(V ) ≥ c for each U and V open in X. If A ∈ Aµ, µ(A) <∞, then there exists a
Borel subset B ∈ B(X) such that A ⊂ B and µ(A) = µ(B). Then for each ǫ > 0 there exists
an open subset W in X such that A ⊂ W and µ(A) ≤ µ(W ) < µ(A)+ ǫ. If S is an arbitrary
subset in X, then by µ∗(S) there is denoted inf{µ(W ) : S ⊂W,W is open } =: µ∗(S).
For arbitrary open subsets U and V of a finite µ measure take open subsets U1 and U2
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in U , V1 and V2 in V such that 0 < µ(U)/2− δ < µ(Uj) < µ(U)/2+ δ and 0 < µ(V )/2− δ <
µ(Vj) < µ(V )/2 + δ for j = 1, 2, where 0 < δ < min(µ(U), µ(V ))/9. This is possible, since
µ is non-negative, has not any atom, while for each x ∈ X there exists an open subset P
with x ∈ P , 0 < µ(P ) < ∞. Denote A := f−1(U), Aj := f
−1(Uj). By the supposition
of this lemma card(Aj ∩ Vk) ≥ c for each j, k ∈ {1, 2}. Suppose that f is a (Aµ,B(X))
measurable mapping. Then there would be Aj ∈ Aµ for j = 1, 2 and there would exist
Bj ∈ B(X) such that Aj ⊂ Bj and µ(Bj) = Aj , and hence open subsets would be Wj with
Bj ⊂ Wj and µ(Bj) ≤ µ(Wj) < µ(Bj) + δ for j = 1, 2. But A1 ∩ A2 = ∅, consequently,
µ(A) = µ(A1) + µ(A2).
If for all open U there would be µ(f−1(U) ∩ V ) = 0 for each open V in X with µ(V ) <
∞, then in view of the σ-finiteness and σ-additivity of µ then would be µ(X) = 0, that
contradicts the supposition of this lemma, therefore, there can be chosen open subsets U , U1
and U2 such that µ(Aj ∩ V ) > 0, where U1 ∪ U2 ⊂ U . But card(Aj ∩ Pk) ≥ c for each Pk -
open subset in Vk.
On the other hand, µ∗(Aj ∩ Vk) = inf{µ(Y ) : Y is open , Y ⊃ (Aj ∩ Vk)} > 0, conse-
quently, there exists a countable sequence of open sets Yn ⊃ (Aj∩Vk) such that limn→∞ µ(Yn) =
µ∗(Aj ∩ Vk). Let Cn =
⋂n
s=1 Ys, then (Aj ∩ Vk) ⊂ Cn+l ⊂ Cn for every n, l ∈ N, each Cn is
open. Moreover, limn→∞ µ(Cn) = µ
∗(Aj∩Vk). Since card(Aj∩P ) ≥ c for each P open in X,
then Int(Cn\Cn+l) = ∅ for all n, l ∈ N, where Int(B) denotes the interior of a subset B inX.
Then µ∗(Aj∩Vk) = µ
∗([clX(Aj∩Vk)]∩Vk) = µ([clX(Aj∩Vk)]∩Vk), since clX(Aj∩Vk) ∈ B(X),
while X is the completely regular space dense in itself, where clX(B) denotes the closure
of a subset B in X. Thus, µ∗(Aj ∩ Vk) ≥ µ(V )/2 − δ, since clX(Aj ∩ Vk) = clX(Vk) ⊃ Vk.
Therefore, µ(A1 ∩ V1) + µ(A1 ∩ V2) + µ(A2 ∩ V1) + µ(A2 ∩ V2) ≥ 2µ(V ) − 8δ > 10µ(V )/9
and the contradiction is obtained, since by the construction A1 ∩ A2 = ∅, V1 ∩ V2 = ∅ and
V1 ∪ V2 ⊂ V , consequently, f is not measurable.
Applying the above proof to f−1 instead of f we get, that f−1 is also nonmeasurable,
since f−1 satisfies conditions from the second section of the proof.
13. Theorem. Let G be a non-trivial locally compact Lie group over R or over a
non-archimedean local field K. Then the group of its automorphisms Aut(G) has a family
of the cardinality not less than 2c of different non-measurable automorphisms relative to a
non-trivial non-negative Haar measure µ on G, where c := card(R) denotes the cardinality
of the continuum.
Proof. Each locally compact Lie group G has a finite dimensional Lie algebra g over
K = R or over a non-archimedean local field K respectively. Therefore, both G and g are
metrizable, moreover the metric can be chosen left-invariant (see Theorem 8.3 [23]).
In the non-archimedean case as a neighborhood U of the unit element e in G there can be
chosen a compact clopen subgroup, since G is totally disconnected (see Theorems 5.13 and
7.7 [23]). If K = R, then we take an open symmetric U = U−1 neighborhood U of the unit
element e in G, where U−1 := {g−1 : g ∈ U}. For a sufficiently small U there is a bijective
exponential mapping exp : V → U from the corresponding neighborhood V of zero in g on
U , where exp belongs to the class of smoothness C∞ or Cω (see [4, 5, 12, 18]). Choose U
sufficiently small, that in it would be satisfied the Campbell-Hausdorff formula.
Take a basis of generators v1, ..., vm in the Lie algebra g over the field K, and as the
linear space over the field K it has the basis η1, ..., ηn, where n ≥ m, vj = ηj for j = 1, ..., m,
and ηm+1, ..., ηn are obtained as finite products (commutators) [u, v] of basic generators in
the Lie algebra g for n > m.
Consider a set K \Q of all irrational elements of the field K. The field K is uncountable
and as the linear space over Q it is infinite-dimensional, since the field of rational numbers
Q is countable. For each b ∈ K \Q there exists an extension Q(b) of the field Q with the
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help of a number b, Q ⊂ Q(b). Remind that a number a ∈ K \ F is called algebraic over
the field F, if it is a root of a polynomial with coefficients from F. If an element a is not
algebraic over F, then it is called transcendental. For a transcendental element a over a field
F the field of rational quotients with coefficients from the field F is purely transcendental.
A set {a1, ..., an} from K is algebraically independent, if each polynomial P (x1, ..., xn)
with coefficients from F becoming zero while substitution of a1, ..., an instead of x1, ..., xn, is
the identically zero polynomial. Moreover, the field (F(a1, ..., an−1))(an) is isomorphic with
the field of rational quotients F(a1, ..., an) of variables a1, ..., an with coefficients from the
field F. If a field F is countable, then F(aj : j ∈ N) is also countable, since
⋃∞
n=1 ℵ
n
0 = ℵ0,
where ℵ0 = card(N), N denotes the set of natural numbers [25].
A subset (not necessarily finite) S in K \ F is called algebraically independent over
F, if each its finite subset is algebraically independent. In the family of all algebraically
independent subsets in K over F there exists a partial ordering by the inclusion, that makes
it directed. In view of the Kuratowski-Zorn lemma there exists a maximal relative to such
ordering algebraically independent family Ψ in K over F. Each such subset is called the
basis of transcendence of the field K over the field F. In view of Theorem of section 1.1.5
[1] the cardinal numbers of any transcendence bases coincide.
Since by the G. Cantor theorem a set A of all algebraic numbers over a countable field
is countable, hence card(Ψ) = c = card(R), in particular, for F = Q. Moreover, the Haar
measure ν of algebraic numbers in K is equal to zero, ν(A) = 0, where ν is non-negative
and non-trivial on K. Then Q ⊂ Q(Ψ) ⊂ K, where F(Ψ) denotes the purely transcendental
extension of the field F, while Q(Ψ) ⊂ K is the algebraic extension (see section 1.1.5 [1]).
The Lie algebra g is infinite-dimensional over Q with an uncountable Hamel basis γ
over Q, that is w1, ..., wk are linearly independent over the field of rational numbers Q for
each w1, ..., wk ∈ γ and k ∈ N, while each element w ∈ g is the finite linear combination
w = c1w1+ ...+ckwk over the field Q of elements wj from γ with rational coefficients cj ∈ Q.
In the non-archimedean case U is the subgroup in G (see above), then put W = U . In
the case of the Lie group G over the field of real numbers R the neighborhood U generates
the group W :=
⋃∞
n=1 U
n containing in it the connected component C of the unit e (see
Theorem 7.4 [23]), where AB := {gh : g ∈ A, h ∈ B} for A,B ⊂ G.
Let g ∈ G be an element of the group G, then elements of the form gn for n ∈ Z generate
the commutative subgroup S(g) in G. If a subgroup S(g) is finite, then its order is called
the order ord(g) = k of the element g, that is S(g) = {e, g, g2, ..., gk−1} and gk = e. If S(g)
is infinite, then it is said, that g is the element of the infinite order. Let Gfin := gr(F)
be a minimal subgroup in G, generated by all possible finite products of elements from F ,
where F is the set of all elements of finite orders in G. Then we consider the subgroup
Wfin = Gfin ∩ W in G. Let Ufin = Wfin ∩ U . Then ln(Ufin) ⊂ g, where ln : U → V
is the logarithmic mapping of a local Lie subgroup on a neighborhood of zero in the Lie
algebra g, corresponding to the Campbell-Hausdorff formula, where coefficients of the series
are rational numbers (see §11). Consider the minimal subalgebra gfin over the field of rational
numbers Q generated by ln(Ufin) and v1, ..., vm, gfin ⊂ g, since Q ⊂ K.
Consider one-parameter local subgroups. Each element from the open neighborhood U of
the unit element belongs to a local one-parameter subgroup {gt : t ∈ K, |t| < ǫ} = gloc, where
ǫ > 0, which is unique for each non-unit element g 6= e from U . Each cyclic commutative
group is isomorphic to the group of roots of 1 in C. Therefore, on each subgroup gW :=⋃∞
n=1(gloc)
n the set of elements of finite orders has the Haar measure µ˜g(gW ) = 0 zero, where
µ˜g is the Haar measure on gW . Then µ(Wfin) = 0 and ν
n(gfin) = 0, since the image µln of the
measure µ on V is equivalent to νn|V , where ν
n is the Haar measure on Kn as the additive
group, µln(B) = µ(exp(B)) for each B ∈ B(V ).
6
If g ∈ G, ord(g) = k ∈ N and hm = g, m ∈ N, then ord(h) ≤ mk ∈ N. If g ∈ U , g = ev,
v ∈ V , ord(g) = k ∈ N, h = etv ∈ U for some t ∈ K, ord(h) ∈ N, then t ∈ Q.
Let Q(A) denotes the minimal field, containing all elements from A and such that Q ⊂
Q(A) ⊂ K. Among subsets A ⊂ Ψ take such that g(A) ⊃ gfin, where g(A) is the Lie algebra
over the field Q(A) with the Hamel basis γA as the Q(A)-linear space, γA ⊂ γ, γ denotes
the Hamel basis g over Q as the Q-linear subspace (see above). Moreover, it is possible to
restrict the consideration by A such that (νn)∗(g(A)) = 0, since νn(gfin) = 0. Among such
Lie algebras g(A) there exists a minimal due to the Kuratowski-Zorn lemma. Denote it by
g(Afin), where Afin ⊂ Ψ.
If F = Q({aj : j ∈ λ}), λ ⊂ N, then the field F is countable, since
⋃∞
k=1 ℵ
k
0 = ℵ0. If
B ⊂ K and ν(B) = 0, where ν is a measure equivalent to the Haar measure on K, then
ν(B+F) = 0 and ν(BF) = 0 for a countable subfield F in K, consequently, ν((B+F)F) = 0
and ν(
⋃∞
k=1(B
k+F)F) = 0, since ν(B1B2) =
∫
K
χB1B2(x)ν(dx), where χB(x) = 1 for x ∈ B,
χB(x) = 0 for x /∈ B, χB denotes the characteristic function of a subset B, B1 + B2 := {x :
x = b1 + b2, b1 ∈ B1, b2 ∈ B2}, B1B2 := {x : x = b1b2, b1 ∈ B1, b2 ∈ B2}.
Since νn(g(Afin)) = 0, then ν(Q(Afin)) = 0, where νK = ν is the Haar measure on
K as the additive group. Consequently, there exists Afin such that card(Φ) = c, where
Φ := Ψ \ Afin, since each element v from g is the finite linear combination over Q elements
from γ, while in the Campbell-Hausdorff formula the expansion coefficients are rational (see
§11).
Over each field F = (Q(Afin))(b) = Q(Afin ∪ {b}) for b ∈ Φ consider a Lie subalgebra
g(Afin)F generated from the algebra g(Afin) by extension of the field of scalars Q(Afin) up
to F, g(Afin)F ⊂ g, that is each element from g(Afin)F is a finite linear combination over F
elements from g(Afin).
Each element g ∈ U is a finite product of elements of local one-parameter subgroups of
the form exp(tjvj), tj ∈ K. The exponential mapping exp : V → U gives an uncountable
family of local subgroups SF = exp(V ∩ g(Afin)F), where F = Q(Afin ∪ {b}), b ∈ Φ. All
such local subgroups for different F = Q(Afin ∪ {bj}), b1 6= b2 ∈ Φ, are pairwise isomorphic,
since the fields Q(Afin∪{b1}) and Q(Afin∪{b2}) are pairwise isomorphic, and in U there is
satisfied the Campbell-Hausdorff formula about the local relation between the multiplication
in the Lie algebra g and the multiplication in its Lie group G (see Chapters 2 and 3 in [4]).
Moreover, g(Afin)Q(Afin∪{b1}) is isomorphic with g(Afin)Q(Afin∪{b2}). The isomorphism of the
fields Q(Afin ∪ {b1}) and Q(Afin ∪ {b2}) is established by the mapping θ = θb1,b2 , θ(b1) = b2
with the identity mapping on the field Q(Afin) such that θ(Pk(b1)/Ls(b1)) = Pk(b2)/Ls(b2),
where b1, b2 ∈ Φ, Pk and Ls are non-zero polynomials of non-negative integer degrees k and
s respectively with coefficients from the field Q(Afin) (see also [1, 17]).
In the non-archimedean case each local subgroup SF =: JF is the group, since W = U is
the group. In the case of the Lie group G over R take W =
⋃∞
n=1 U
n (see above). Therefore,⋃∞
n=1(SF)
n =: JF is the subgroup in G. Then the group JQ(Afin∪{b}) is isomorphic with
JQ(Afin∪{r}) for each b 6= r ∈ Φ.
Take a bijective epimorphic mappings φ : Φ → Φ. It gives an isomorphism φ of
each field Q(Afin ∪ {b1, ..., bz}) onto Q(Afin ∪ {r1, ..., rz}), φ(Pk(b1, ..., bz)/Ls(b1, ..., bz)) =
Pk(r1, ..., rz)/Ls(r1, ..., rz) for each non-zero polynomials of integer non-negative degrees k
and s of z ∈ N variables and with expansion coefficients from Q(Afin), since φ(x) = x for
each number x from Q(Afin), where rj = φ(bj) for each j = 1, ..., z ∈ N, b1, ..., bz ∈ Φ.
Therefore, it has a natural extension up to an algebraic automorphism of the field Q(Ψ) =
(Q(Afin))(Φ) onto itself.
If a ∈ K \ Q(Ψ), then the set (Ψ, a) is algebraically dependent, that is there exist
b1, ..., bk ∈ Ψ such that the family {b1, ..., bk, a} is algebraically dependent. This means that
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there exists a polynomial Fs(T1, ..., Tk, Tk+1) of a degree s ∈ N with rational expansion
coefficients such that a substitution of b1, ..., bk instead of T1, ..., Tk, a instead of Tk+1 the
polynomial takes the zero value. Then for an automorphism φ of the field K a number φ(a)
need to be a root of the polynomial Fs(r1, ..., rk, Tk+1), where rj = φ(bj) for every j = 1, ..., k.
If a is an algebraic number over Q, then k = 0 and there can be taken φ(a) = a.
For each algebraic number a from K over the field Q put φ(a) = a. Since the field Q is
everywhere dense in the field R or Qp respectively, while the fields R and Qp are complete
as the normed spaces relative to their multiplicative norms, then Q is everywhere dense in
Q(Ψ) relative to the norm inherited from the field K. Therefore, every algebraic number
from the fieldK over the fieldQ(Ψ) is the limit of a converging sequence of algebraic numbers
from K over the field Q. The field C is algebraically closed and is obtained by the way of
the extension of the field R with the help of the root of the polynomial x2 + 1 = 0, which is
invariant relative to the automorphism φ.
In the case of the non-archimedean local fieldK the residue class fieldB(K, 0, 1)/B(K, 0, |π|)
is the finite field Fq with the number q = p
y of its elements, where y ∈ N, π ∈ K,
|π| = max{|x| : x ∈ K, |x| < 1}, B(K, x0, r) := {x ∈ K : |x − x0| ≤ r} is the ball of radius
r > 0 in K, containing x0. At the same time the residue class field B(Qp, 0, 1)/B(Qp, 0, 1/p)
is composed of p elements, where |p| = 1/p for p ∈ Qp. The field of p-adic numbers
has the normalization group ΓQp := {|x| : x 6= 0, x ∈ Qp} = {p
k : k ∈ Z}. While
ΓK = {p
k/l : k ∈ Z} for some 0 < l ∈ N. That is K is obtained by a finite algebraic exten-
sion of the field of p-adic numbers by adding roots of polynomials with expansion coefficients
from the field of rational numbers Q (see also Theorem 7 and Proposition 5 in §I.4 [26]).
Therefore, for each algebraic number a ∈ K\Q(Ψ) there exists a polynomial Fs(b1, ..., bv, X)
with b1, ..., bv ∈ Ψ of degree s ∈ N with rational expansion coefficients such that Fs(b1, ..., bv, a) =
0, consequently, it can be taken φ(a) = c, where Fs(r1, ..., rv, c) = 0, rj = φ(bj), c ∈ K, since
φ(q) = q for each rational number q ∈ Q, while Q(b1, ..., bv) and Q(r1, ..., rv) ⊂ Qp. Thus,
the automorphism φ has an extension up to an automorphism φ : K → K as in the case
K = R, as well as for the local field K.
Since card(Φ) = c, cardQ(Φ) = c and Q(Φ) is everywhere dense in K, then there exist
bijective surjective mappings φ : Φ → Φ generating automorphisms of the field φ : K → K
as above such that for each open subsets S and T in K there is satisfied the relation for
the cardinality card(φ(S) ∩ T ) = c. Indeed, the set Φ can be described in the form of the
disjoint union of subsets Λa, a ∈ E, card(E) = c, card(Λa) = c for each a,
⋃
a∈E Λa = Φ,
Λa ∩ Λb = ∅ for each a 6= b. At the same time card(Q(Λa) ∩ T ) = c for each T open in K.
Since card(Λa) = card(Λb), then there exists a bijection φ
a
b : Λa → Λb from Λa onto Λb for
each a, b.
Take a bijective mapping η : E → E from E onto E such that η(a) 6= b for each a. Then
the combination of mappings {φaη(a) : a ∈ E} generates the bijective mappings φ : Φ → Φ,
putting φ(a) = a on Afin, we get the bijective mapping φ : Ψ→ Ψ from Ψ on Ψ. In view of
the proof given above it has an extension up to an automorphism of the field φ : K → K.
Therefore, card(φ(S) ∩ T ) = c for each S and T open in K, since card(Q(Λa) ∩ T ) = c for
each T open in K. It is not difficult to mention, that the family of such different algebraic
automorphisms of the field K has the cardinality 2c, since card(cc) = 2c [25]. In view of
Lemma 12 they are (Aν ,B(K))-non-measurable, where ν - is the non-negative non-trivial
Haar measure on K (see also [3, 26]).
On the other hand, every automorphism φ of the field K generates an automorphism f
of the group G0 := gr(JQ(Afin)∪ [
⋃
b∈Φ JQ(Afin∪{b})]), where gr(B) is a minimal algebraic sub-
group in G generated by finite products ga11 ...g
ar
r of all elements gj ∈ B, aj ∈ Z, j = 1, ..., r ∈
8
N. The automorphism f is produced with the help of the isomorphisms f : JQ(Afin∪{b}) →
JQ(Afin∪{φ(b)}) for each b ∈ Φ, while the restriction f |JQ(Afin) take, for example, the identity
mapping. The mapping f has an extension from A := JQ(Afin) ∪ [
⋃
b∈Φ JQ(Afin∪{b})] on G0
by taking of all possible finite products of initial elements from A. For each such subgroup
G0 of the group G the automorphism has an extension on G, since every automorphism q
of a subgroup Y of the group G can be extended up to an automorphism of some group H
containing in itself G, but q(G) is contained in H and is isomorphic with G (see [19, 16]).
By the construction of the group G0 it is everywhere dense in the groupW in the topology
inherited fromG. Then due to Lemma 12 the automorphism f is (Aµ,B(G)) non-measurable.
This also follows from the fact that the exponential mapping exp from the neighborhood of
zero V0 in the Lie algebra g on the neighborhood Ue of the unit element in G induces the
image of the measure νnexp on Ue, where n is the dimension of g as the linear space over the
field K, νn is the Haar measure on Kn as the additive group. At the same time the measure
νnexp is equvalent to the restriction of the Haar measure µ on Ue (see Definitions 1 above).
From the proof of Theorem 13 it follows the following.
14. Corollary. The family Υ of non-measurable automorphisms from Theorem 13 has a
subfamily Ω of the cardinality card(Ω) ≥ 2c such that every f ∈ Ω after a restriction on each
one-parameter subgroup over the field K in G is non-measurable relative to the corresponding
Haar measure on the subgroup.
15. Theorem. Let g be a non-trivial Lie algebra finite-dimensional over the field K
with a measure µ equal to the non-trivial non-negative Haar measure on the additive group
for g. Then the algebra g has 2c non-measurable automorphisms.
Proof. Take any algebraic automorphism φ of the field K from the proof of Theorem 13.
Since g is finite-dimensional over the field K, then the non-negative non-trivial Haar measure
µ on g as the additive group for g is equivalent to the measure νn (see Definitions 1). The
automorphism φ has the extension up to an automorphism of the algebra: φ(ajvj) = φ(aj)vj ,
φ(a1v1 + .... + amvm) = φ(a1)v1 + ... + φ(am)vm, φ([akvk, ajvj]) = [φ(ak)vk, φ(aj)vj ] for each
aj ∈ K, k, j = 1, ..., m, where v1, ..., vm is the basis of generators in g (see Definitions 2.1).
Therefore, in view of Lemma 12 the automorphism φ is (Aµ,B(g))-non-measurable, relative
to the additive group of the algebra g. The family of such different automorphisms of the
algebra g has the cardinality 2c.
16. Theorem. Let G be a locally compact Hausdorff group with a countable base of
neighborhoods of the unit element e and f : G → G be its automorphism non-measurable
relative to the non-trivial non-negative left- (or right-)invariant Haar measure µ on G. Then
G has a topologically irreducible unitary representation, which is not weakly measurable.
Proof. Since G has a non-measurable automorphism, then it is non-discrete, since all
algebraic automorphisms are continuous relative to the discrete topology, since in discrete
topology every point is an open subset. On the other hand, every T0 topological group is
completely regular (see Theorem 8.4 [23]). In view of Theorem 5.8 [23] a subgroup of a
topological group is discrete if and only if it contains an isolated point. Therefore, the group
G is dense in itself, that is every its point q is a limit of a convergent net, contained in
the punctured open neighborhood U \ {q} of a point q. In view of Lemma 5.28 [23] locally
countably compact regular topological space Y can not be presented as a countable union
of closed subsets with the empty interior. Thus, every open subset U in G is uncountable,
card(U) ≥ c (see Remark (4.26) [23]). In view of this the Haar measure µ on G has not
atoms. By its construction the Haar measure is Borel regular.
Recall, that the unitary representation is a homomorphism T : G→ U(X), where U(X)
is the unitary group of the Hilbert or the unitary space X over the field of complex numbers
C. It is called topologically irreducible, if in X there does not exist any closed invariant
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subspace relative to the family of unitary operators {Tg : g ∈ G}, besides {0} and the entire
X.
A unitary representation is called weakly measurable, if the functions (y, Tgz) are (Aµ,B(C))-
measurable for each given vectors y, z ∈ X, where g ∈ G. On every locally compact group
there exists a non-trivial non-negative left-(or right-)invariant Haar measure (see §27 [14]
and [3, 23]).
Then the space L1(G,A, µ,C) is supplied with the ring structure with the usual addition
of functions and convolutions of functions as multiplication in the ring, which is called the
group ring (see §28 [14]). A ring R is called normed, if it is the normed space, for each
x, z ∈ R: |xz| ≤ |x||z|, and if in R there is the unit e, then |e| = 1. The complete normed
ring is called the Banach ring. A ring R is called symmetric, if it is supplied with the
involution x 7→ x∗, which maps from R into R. In particular, the ring L1(G,A, µ,C) is
symmetric.
Therefore, a representation of the group generates a representation of the group ring
in the ring (algebra in more modern terminology) L(X) of bounded linear operators from
X into X. The adjoining of the unit to the ring L1(G,A, µ,C) gives the group ring with
the unit, denote it by R(G). In view of Theorem 29.1 [14] to each representation x 7→ Ax
of the group ring R(G) not containing a degenerate representation, there corresponds a
continuous unitary representation g 7→ Tg of the group G. Vice versa, to every weakly
continuous unitary representation g 7→ Tg of the group G there corresponds a representation
x 7→ Ax of its group ring R(G), which does not contain a degenerate representation. These
representations are related with each other by the formula: Abe+f = b1+
∫
G
f(g)Tgµ(dg) for
each b ∈ C, f ∈ L1(G,A, µ,C).
A linear functional f is called positive, if f(x∗x) ≥ 0 for each x ∈ R. If f1 and f are
positive functionals, then f1 is called subordinated to the functional f , which is denoted by
f1 < f , if there exists a number b such that bf−f1 is a positive functional in R. A functional
f1 in a symmetric ring is called subordinated to a given positive functional f , if f1 is a linear
combination with complex coefficients of positive functionals subordinated to the functional
f . A positive functional f is called indecomposable, if each functional f1 subordinated to
the functional f is its multiple, that is f1 = bf , where b ∈ C. A representation x 7→ Ax is
called cyclic, if there exists a vector y0 ∈ X such that {Axy0 : x ∈ R} is everywhere dense
in X.
In view of Theorem 19.3.1 [14] a cyclic representation of a Banach symmetric ring R:
x 7→ Ax is irreducible if and only if, each defining it positive functional f(x) = (Axy0, y0)
is indecomposable. Let S be a set of all positive functionals on R such that f(e) = 1.
In view of Proposition 19.4.1 [14] a positive functional f , satisfying condition f(e) = 1 is
indecomposable if and only if it is an extremal point in the set S.
If H is a subgroup in G and M is a topologically irreducible unitary representation of
H in the Hilbert space Y , Y ∋ y0 6= 0, ‖y0‖ = 1, t(h) := (Mhy0, y0), h ∈ H , then the
function t is positive definite. Consider a convex subset W of all positive definite functions
on G, coinciding with t on H . This set is non-void, since it contains the function equal to
t on H and 0 on G \H . If v ∈ W , then v(e) = (Tey0, y0) = 1, consequently, |v(g)| ≤ 1 for
every g ∈ G. Therefore, W is compact in the topology of pointwise convergence. In view
of the Krein-Milman theorem W contains an extremal point r (see Theorem 3.9.1 [14]), its
restriction is r|H = f . Consequently, r is indecomposable and to it a topologically irreducible
unitary representation of the group G corresponds (see §2.1 [2], [14, 21, 23]).
Consider the Hilbert space X := L2(G,A, µ,C) of the equivalence classes of all functions
v : G → C with square integrable its module on G relative to the measure µ. Then there
exists a strongly continuous unitary regular representation T : G → U(X). The strong
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continuity means, that Tgz is the continuous mapping from G into X for each z ∈ X, where
X is supplied wit the standard norm associated with the scalar product: ‖z‖2 = (z, z). In
the case of the left-invariant Haar measure it is given by the formula Tgv(h) := v(g
−1h) for
each g, h ∈ G, v ∈ X, where µ(gJ) = µ(J) for every g ∈ G and each µ-measurable subset of
finite measure, J ∈ A.
Evidently, if a mapping (in the given case a functional (Tgx, y) of the representation T )
is non-measurable on an open subset W in G, then it is non-measurable on G. For the proof
of non-measurability it is sufficient to take a clopen subgroup W in G, which is compact, if
G is totally disconnected, or W =
⋃∞
n=1U
n for a locally connected G which is not totally
disconnected, where U is a symmetric open neighborhood of e in G, 0 < µ(U) < ∞ (see
Theorems 7.7 and 5.7 [23]). Since e has the countable base of neighborhoods of e, then
the spaces Lp(W,A, µ,C) for 1 ≤ p < ∞ are separable. Then the proof reduces to the
consideration of the subgroup W . Denote W by G.
The regular representation T is injective, Tg 6= Th for each g 6= h ∈ G. In view of Theorem
41.4.3 [14] it can be decomposed into the direct integral of topologically irreducible unitary
representations T =
⊕∫
S
T sλ(ds), where S is a compact (bi-compact in old terminology)
Hausdorff topological space, where λ is a σ-additive measure on B(S) (see also [25, 14, 23]).
At the same time the representation T s is strongly continuous. Therefore, q−1(B(G)) ⊂ B(X)
for every function q(g) := T sg z for marked z ∈ X, s ∈ S, where q : G→ X.
For each non-zero vector z ∈ Xs, z 6= 0, the closure of the linear span over the field of
complex numbers C of all vectors T sg z coincides with X
s, where Xs is an invariant closed
subspace in X relative to the unitary representation T s. Then the set of functions {qx,z,s :
G→ C; x ∈ Xs} separates points in Xs, where qx,z,s(g) := (x, T
s
g z), x, z ∈ X
s. At the same
time qx,z,s ◦ f(g) = (x, T
s
f(g)z). If A ⊂ C, then (qx,z,s ◦ f)
−1(A) = f−1(q−1x,z,s(A)). If A is open
in C, then q−1x,z,s(A) is open in G. Since f is non-measurable on G, also G ∋ h 7→ gh ∈ G is
the continuous mapping from G onto G, gU is open for each g ∈ G and open U in G, then
the restriction f |U is non-measurable for each U open in G.
Consider an algebraic homomorphism T ◦f : G→ U(X). If every T s ◦f would be weakly
(Aµ,B(C))-measurable, then T ◦f also would be weakly (Aµ,B(C))-measurable. But in view
of strong continuity of T and non-measurability of the automorphism f the composition T ◦f
is not weakly (Aµ,B(C))-measurable (see also Lemma 12 and Theorem 13 above).
17. Corollary. If G is a non-trivial locally compact Lie group, then it has not less than
2c weakly non-measurable relative to a non-trivial non-negative Haar measure µ topologically
irreducible unitary representations.
18. Remark. From the proofs of Theorems 13 and 16 it follows, that the property of
µ-non-measurability of an automorphism f or of a unitary representation is local: if f is
µ-non-measurable for the restriction on an open subset W in G, then it is µ-non-measurable
on G.
For a totally disconnected locally compact group it can be taken as W a clopen compact
subgroup in G (see Theorem 7.7 [23]). In the case of locally connected which is not totally
disconnected group G it can be taken a clopen subgroup W =
⋃∞
n=1 U
n, where 0 < µ(U) <
∞, U is a connected symmetric open neighborhood of e in G (see Theorem 5.7 [23]). Then
onW there exists a probability measure equivalent with µ (see also Lemmas 2 and 3). In the
case of a locally compact Lie group over R it can be taken on U also a measure equivalent
with the measure λθ−1, where θ : U → (S
1)n is the topological embedding from Lemma 11,
while λ is the Haar measure on (S1)n, λθ−1(Y ) := λ(θ(Y )) for each Y ∈ B(U).
In Theorem 16 and Lemma 17 there are irreducible unitary representations, since in
general one can not restrict on characters because of Lemmas 5, 8 and Corollaries 6,9.
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19. LetG be a C∞ or Cω non-trivial Lie group over the fieldK = R or a non-archimedean
local field K, moreover, G is complete as an uniform space. Suppose that µ is a σ-additive
σ-finite non-negative non-trivial Borel regular measure on B(G) such that for each g ∈ G
there exists an open neighborhood U , g ∈ U , with 0 < µ(U) <∞, moreover, µ has not any
atom. Let exp : V → U be the exponential mapping for G as the smooth manifold over
K from the open neighborhood V of zero in TeG onto an open neighborhood U of the unit
element e in G. Let also a measure ν on TeG be such that ν(J) = µ(exp(J)) for each Borel
subset J ∈ B(TeG), where TeG is the linear space of separable type over the field K.
Suppose that G has an open neighborhood U of the unit element e with 0 < µ(U) <∞,
exp : V → U for which a set of elements S := {g ∈ U : g belongs to a local one-parameter
subgroup in U, over the field K, moreover it is unique for a given g} has a positive outer
measure, µ∗(S) > 0, where local one-parameter subgroups have the form {exp(xv) : x ∈
K, |x| < ǫ} ⊂ U , v ∈ TeG, ǫ > 0. Suppose that the restriction of ln on U corresponds to the
Campbell-Hausdorff formula, where ln is the inverse mapping to exp.
Let πv : TeG→ Kv be a linear over K projection operator, moreover, νv is equivalent to
the Haar measure on K, where v is a non-zero vector of the tangent space v ∈ TeG, Kv is
the one-dimensional over K subspace in TeG containing a vector v, νv(J) = ν(π
−1
v (J)) for
each J ∈ B(K).
Theorem. Then such group G has a family Υ of (Aµ,B(G))-non-measurable auto-
morphisms of the cardinality not less than 2c, card(Υ) ≥ 2c. Moreover, Υ has a subfam-
ily P of automorphisms f , restrictions of which on one-parameter over K local subgroups
{exp(xv) : |x| < ǫ} in S are non-measurable relative to the corresponding Haar measure on
{exp(xv) : |x| < ǫ}.
Proof is proceeded by the generalization of the proof of Theorem 13. For this consider a
minimal subgroup GS in G, generated by elements in S. The image ν on V of the measure
µ with the help of the logarithmic mapping ln, ν(B) = µ(exp(B)) for every B ∈ B(V ), has
the extension up to a σ-additive finite measure on g, ν(B) :=
∑∞
j=1 ν((B − hj) ∩ V )/2
j for
every B ∈ B(g), where {(V + hj) : j ∈ N, hj ∈ g} is the covering of g. Therefore, ν has σ-
additive projections νω(Kn) on ω(K
n) for each embedding ω : Kn →֒ g as the K-linear space,
νω(Kn)(B) = ν(π
−1(B)) for each B ∈ B(ω(Kn)), where π : g → ω(Kn) is the projection.
The operator π is K-linear and it exists, since ω(Kn) is finite-dimensional over K, the
fieldK is locally compact (see Theorems 5.13 and 5.16 [20] and [15]). The image νω(K)|V ∩ω(K)
with the help of exp generates the measure on a local one-parameter subgroup in S, µg(B) =
νω(K)(ln(B)) for every B ∈ B(gW ∩U), which has the extension up to the σ-additive measure
µg on gW . Therefore, the set of elements of finite orders from gW has µg-measure zero. Then
as in §13 µ∗((GS)fin ∩ S) = 0, since the measure µ is Borel regular, σ-additive and it has
not atoms. Since the measure µ is σ-finite, then also µ∗((GS)fin) = 0.
Consider the Lie algebra g generated by ln(S) over the field K. As the linear space g has
the separable type over K, that is there exists a countable family ρ ofK-linearly independent
vectors the linear span of which spanKρ is everywhere dense in g. Then the minimal Lie
algebra over K Liealg(spanKρ) containing spanKρ is everywhere dense in g.
Construct gfin as the minimal algebra over the field of rational numbers Q generated by
ln((GS)fin ∩ S) = 0 and ρ. For every minimal subalgebra g({vj : j ∈ λ}) over K with
generators vj ∈ ρ, λ ⊂ N, there exists A ⊂ Ψ such that g({vj : j ∈ N}) ∩ gfin ⊂ g(A), where
g(A) is the minimal Lie algebra over the field Q(A), satisfying this inclusion, γA denotes
the Hamel basis g(A) over Q(A), since every v from g is the finite linear combination over
Q of elements from γ, also card(
⋃∞
k=1(γℵ0)
k) = card(γℵ0) = card(γ) ≥ c, while expansion
coefficients in the Campbell-Hausdorff formula are rational numbers, γ denotes the Hamel
basis of g over Q as the Q-linear space, card(Ψ \ A) = c.
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If B ⊂ K and ν(B) = 0, where ν is a measure equivalent with the Haar measure on
K, then ν(B + F) = 0 and ν(BF) = 0 for a countable subfield F in K, consequently,
ν((B + F)F) = 0 and ν(
⋃∞
k=1(B
k + F)F) = 0, since ν(B1B2) =
∫
K
χB1B2(x)ν(dx), where
χB(x) = 1 for x ∈ B, χB(x) = 0 for x /∈ B, χB is the characteristic function of a subset B,
B1 +B2 := {x : x = b1 + b2, b1 ∈ B1, b2 ∈ B2}, B1B2 := {x : x = b1b2, b1 ∈ B1, b2 ∈ B2}.
Since µ∗((GS)fin) = 0 and ν
∗
g(gfin) = 0, card(ρ) ≤ ℵ0, then there exists Afin ⊂ Ψ such
that g(Afin) ⊃ gfin and card(Ψ \ Afin) = c, since βℵ0 = β for every cardinal number
β ≥ ℵ0, moreover, νω(K)(Q(Afin)) = 0, since νω(K)(B) > 0 for each B open in ω(K), νω(K)
is equivalent to the Haar measure on K due to the conditions from §19.
Take Φ = Ψ\Afin and an algebraic automorphism φ of the fieldK from §13. Analogously
to §13 we construct an automorphism f of the group GS, also it has an extension up to
an automorphism of the group G (see [16, 19]). In view of Lemma 12 and µ∗(S) > 0 it
follows, that f is (Aµ,B(G))-non-measurable. Non-measurability of restrictions of f on one-
parameter subgroups relative to the Haar measure on them follows from the properties of φ
as in §13.
20. Theorem. Let G be an infinite topological dense in itself Hausdorff group with
a non-negative non-trivial Borel regular measure µ on B(G) having not any atom, also for
each g ∈ G there exists an open neighborhood U such that 0 < µ(U) < ∞, moreover, G is
complete as the uniform space, card(U) ≥ c for each open U in G. Then there exists a family
Υ of (Aµ,B(G))-non-measurable different automorphisms of the group G of the cardinality
card(Υ) ≥ 2c.
Proof. Take an open symmetric neighborhood U of the unit element e in G such that
0 < µ(U) < ∞, then µ is the σ-finite measure on W =
⋃∞
n=1 U
n (see Theorem 7.4 [23]). In
view of the fact that G is infinite and dense in itself, then it is non-discrete (see Theorem
5.8 [23]). If {gn : n ∈ α} is a net converging to e, α is an ordinal, card(α) ≥ ℵ0, then
{ggn : n ∈ α} is the net converging to g for each g ∈ G.
The topological Hausdorff group G can be supplied with the left-invariant uniformity
giving the initial topology on G, while the left-invariant uniformity can be produced with
the help of the family {ηx : x ∈ M} left-invariant pseudo-metrics ηx(g, h) = ηx(h
−1g, e) for
each g, h ∈ G, then ηx(g
a, gb) = ηx(g
a−b, e) for each g ∈ G and each a, b ∈ Z, where M is
some set (see Chapter 8 in [25]).
If g ∈ G, ord(g) = k < ∞, then ord(gr) ≤ k for each r ∈ Z, in particular, for mutually
prime numbers r and k there is satisfied ord(g) = ord(gr). If ord(g) = ω0, then ord(g
r) = ω0
for each integer non-zero r, where ω0 denotes the initial ordinal of the cardinality ℵ0.
Since the measure µ is non-trivial, non-negative and for e ∈ G there exists an open
neighborhood such that 0 < µ(U) < ∞, the set N ∪ {ω0} is countable, then there exists
k ∈ N∪ω0 such that the outer measure of the intersection is positive µ
∗(U ∩Gk) > 0, where
Gk = gr{g ∈ G : ord(g) = k} is the minimal subgroup in G generated by elements of the
k-th order. Therefore, it is sufficient to consider all such Gk in the topology inherited from
G, µ∗(U ∩Gk) > 0.
Mention that if Y is an everywhere dense in G subgroup, also card(B ∩ T ) ≥ c for some
subset B in G for each T from the base Π of neighborhoods of the unit element e ∈ G,
T ∈ Π, then card((BY ) ∩ P ) ≥ c for each P open in G.
Consider the family Ξ consisting of subgroups H in G and their automorphisms s : H →
H such that card(H) ≥ c, card(s(P ) ∩ T ) ≥ c for each P and T open in H in the topology
inherited from G. Such H exists. For the proof of their existence take U and W as above.
Let Wk := {g ∈ W : ord(g) = k}, where k ∈ N∪ω0. Then for at least one k there is satisfied
the equality card(Wk) = card(W ), since card(W ) ≥ c.
Since card(U) ≥ c and every subgroup {gn : n ∈ Z} generated by a chosen element
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g ∈ G is either finite or countable, then in W there exists a family Jb,k, b ∈ Λ, k ∈ N ∪ ω0,
card(Λ) ≥ c, card(Jb) = card(U) ≥ c. This family can be chosen such that elements in
Jb,k would be algebraically independent: g ∈ Jb,k can not be presented as a finite product
of elements different from it from the set Jb,k, moreover, gr(Jb,k) ∩ gr(Jd,l) = {e} for each
b 6= d, since qℵ0 = q for each q ≥ c, where Jb =
⋃
k∈N∪ω0
Jb,k, q and c := card(R) are cardinal
numbers, gr(B) denotes the minimal subgroup in G generated by elements from B, every g
from Jb,k has the order ord(g) = k. Moreover, Jb,k can be chosen such that G\GΛ ⊃ (Y \{e}),
where Y is some everywhere dense in G subgroup GΛ := gr(
⋃
b∈Λ,k∈N∪ω0
Jb,k), since GΛ
and Y have algebraically indeppendent from each other families of generating elements,
GΛ ∩ Y = {e}.
Choose every Jb such that card(Jb,k0 ∩ P ) ≥ c for each P open in W for at least one
k0 ∈ N ∪ ω0. Make it for every k0 ∈ N ∪ ω0, for which card({g ∈ W : ord(g) = k0}) ≥ c.
Let φ : Λ → Λ be a bijective mapping from Λ onto Λ, φ(Λ(k)) = Λ(k), Λ =
⋃
k∈N∪ω0
Λ(k).
Let Sb,k0 ⊂ Jb,k0 and card(Sb,k0) = card(Sd,k0) ≥ c for each b, d ∈ Λ(k0) ⊂ Λ. With the help
of the transfinite induction take Sb,k0 and bijective mappings ψ
d
b,k0
: Sd,k0 → Sb,k0 from Sd,k0
onto Sb,k0, put s(g) := ψ
d
φ(d),k0
(g) for each g ∈ Sd,k0 and with the help of finite products of
elements in G, take s|Y = id, extend s from Y ∪
⋃
b∈Λ(k0),k0∈N∪ω0
Sb,k0 up to the automorphism
s : H → H , where H := gr(Y ∪
⋃
b∈Λ(k0),k0∈N∪ω0
Sb) (see also [25]).
The family Ξ order with the help of the relation (H1, s1) ≤ (H2, s2), if H1 ⊂ H2 and
s2|H1 = s1, that supplies Ξ with the structure of the directed set. Every linearly ordered
subset C = {(Hβ, sβ) : β ∈ Λ(C)} in Ξ has an element (H, s) ∈ Ξ such that (Hβ, sβ) ≤ (H, s)
for each (Hβ, sβ) ∈ C, where H =
⋃
β∈Λ(C)Hβ, H ⊂ G, s|Hβ = sβ for each β ∈ Λ(C), here
Λ(C) ⊂ Λ. In view of the Kuratowski-Zorn lemma in Ξ there exists a maximal element [25].
Then it need to be (G, f), since each automorphism s from a subgroup has an extension up to
an automorphism f of the entire group [16, 19]. In view of Lemma 12 the automorphism f is
(Aµ,B(G))-non-measurable. Since there exists not less than 2
c different bijective surjective
mappings φ : Λ→ Λ, then card(Υ) ≥ 2c.
21. Remark. If G is a Lie group over the field K, TeG is the Banach space of separable
type over the field K, then measures µ on G and ν on TeG with the needed properties
from §19 exist (see [6, 10]). If G is a C∞ over R or Cω over a local non-archimedean field
Banach-Lie group, then G as the manifold has the C∞ exponential mapping (see [4, 5, 12]).
3 Non-measurable automorphisms of groups relative to
measures with values in local fields
To avoid misunderstandings we first remind the basic definitions.
1. Definitions. Let X be a completely regular totally disconnected topological space,
let also R be its covering ring of subsets in X,
⋃
{A : A ∈ R} = X. We call the ring
separating, if for each two distinct points x, y ∈ X there exists A ∈ R such that x ∈ A,
y /∈ A. A subfamily S ⊂ R is called shrinking, if an intersection of each two elements from
A contains an element from A. If A is a shrinking family, f : R → K, where K = R or K
is the field with the non-archimedean norm, then it is written limA∈S f(A) = 0, if for each
ǫ > 0 there exists A0 ∈ S such that |f(A)| < ǫ for each A ∈ S with A ⊂ A0.
A measure µ : R → K is a mapping with values in the field K of zero characteristic with
the non-archimedean norm satisfying the following properties:
(i) µ is additive;
(ii) for each A ∈ R the set {µ(B) : B ∈ R, A ⊂ B} is bounded;
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(iii) if S is the shrinking family in R and
⋂
A∈S A = ∅, then limA∈S µ(A) = 0.
Measures on Bco(X) are called tight measure, where Bco(X) is the ring of clopen (simul-
taneously open and closed) subsets in X.
For each A ∈ R there is defined the norm: ‖A‖µ := sup{|µ(B)| : B ⊂ A,B ∈ R}. For
functions f : X → K and ξ : X → [0,+∞) define the norm ‖f‖ξ := sup{|f(x)|ξ(x) : x ∈ X}.
Put also Nµ(x) := inf{‖U‖µ : x ∈ U ∈ R}. If a function f is a finite linear combination over
the field K of characteristic functions χA of subsets A ⊂ X from R, then it is called simple.
A function f : X → K is called µ-integrable, if there exists a sequence f1, f2, ... of simple
functions such that there exists limn→∞ ‖f − fn‖Nµ = 0.
The space L(µ) = L(X,R, µ,K) of all µ-integrable functions is K-linear. At the same
time
∫
X
∑n
j=1 ajχAj (x)µ(dx) :=
∑n
j=1 ajµ(Aj) for simple functions extends onto L(µ), where
aj ∈ K, Aj ∈ R for each j.
Put Rµ := {A : A ⊂ X,χA ∈ L(µ)}. For A ∈ Rµ let µ¯(A) :=
∫
X
χA(x)µ(dx).
An automorphism φ of a totally disconnected Hausdorff topological group G is called
µ-non-measurable, if it is (Rµ,R)-non-measurable.
A totally disconnected compact Hausdorff group G is called p-free, if it does not contain
any open normal subgroup of an index divisible by p.
Let G be a totally disconnected Hausdorff locally compact group, let also Bc(G) be a
covering ring of clopen compact subsets in G, suppose that µ : Bc(G) → K is a finitely-
additive function such that its restriction µ|A for each A ∈ Bc(G) is a tight measure. A
measure µ : Bc(G) → K is called left- (right-)invariant Haar measure, if µ(gA) = µ(A)
(µ(Ag) = µ(A) respectively) for each A ∈ Bc(G) and g ∈ G.
A measure η : R → K is called absolutely continuous relative to a measure µ : R → K,
if there exists a function f ∈ L(µ) such that η(A) =
∫
X
χA(x)f(x)µ(dx) for each A ∈ R,
denote it by η  µ. If η  µ and µ  η, then we say that η and µ are equivalent η ∼ µ.
2. Lemma. Let X be a Tychonoff (completely regular) totally disconnected dense in itself
topological space with a tight measure µ such that for each x ∈ X the function Nµ(x) > 0
is non-negative, moreover, µ has not atoms in X. If f : X → X is a bijective epimorphic
mapping such that card(f(U) ∩ V ) ≥ c := card(R) for each open subsets U and V in X,
then f and f−1 are not (Rµ,Bco(X))-measurable.
Proof. Since f is the bijective mapping from X onto X, then f−1(f(U) ∩ V ) = U ∩
f−1(V ), consequently, card(U ∩ f−1(V ) ≥ c for each U and V open in X. In view of Lemma
7.2 [20] ‖χU‖Nµ = ‖U‖µ for each U ∈ R. Due to Lemma 7.5 [20] Nµ(x) = Nµ¯(x) for each
x ∈ X, L(µ) = L(µ¯) and Rµ¯ = Rµ. Theorem 7.6 [20] states that Nµ(x) is upper semi-
continuous and for each ǫ > 0 the set {x ∈ A : Nµ(x) ≥ ǫ} is Rµ-compact. If x0 ∈ X, then
0 ≤ Nµ(x0) < ∞, and for each x0 ∈ X and r > Nµ(x0) there exists a neighborhood P of
the point x0 such that for each point x ∈ P there is accomplished the inequality Nµ(x) < r.
Then for each ǫ > 0 there exists an open subset W in X such that A ⊂ W and Nµ(x) < ǫ
for every x ∈ W \ A.
For arbitrary clopen subsets U and V of finite µ measure take clopen subsets U1 and U2
in U , V1 and V2 in V such that 0 < ‖U‖µ < ∞, 0 < ‖V ‖µ < ∞, U1 ∩ U2 = ∅, V1 ∩ V2 = ∅,
0 < δ ≤ min(‖U1‖µ, ‖U2‖µ, ‖V1‖µ, ‖V2‖µ)/s, ‖U \ (U1 ∪U2)‖µ ≤ δ/s, ‖V \ (V1 ∪ V2)‖µ ≤ δ/s.
This is possible, since Nµ(x) > 0 for each x ∈ X, while µ has not atoms.
Denote A := f−1(U), Aj := f
−1(Uj). By the supposition of this Lemma card(Aj∩Vk) ≥ c
for each j, k ∈ {1, 2}. Suppose that f is the (Rµ,Bco(X)) measurable mapping. Then there
would be Aj ∈ L(µ) for j = 1, 2 and there would be open subsets Bj in X such that Aj ⊂ Bj
and Nµ(x) < δ/s for each x ∈ Bj \ Aj and j = 1, 2. But A1 ∩ A2 = ∅, consequently,
µ(A) = µ(A1) + µ(A2).
Since Nµ(x) > 0 for each x ∈ X, then there can be chosen clopen U , U1 and U2 such that
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Nµ|(Aj∩V ) > 0, where U1 ∪ U2 ⊂ U . But card(Aj ∩ Pk) ≥ c for each Pk open subset in Vk.
Consequently, there exists a countable sequence of open subsets Yn in X with Yn ⊃ (Aj ∩Vk)
such that limn→∞ sup{Nµ(x) : x ∈ Yn \ (Aj ∩Vk)} = 0 for given j, k, Yn = Yn,j,k, j, k ∈ {1, 2}.
Let Cn =
⋂n
s=1 Ys, then (Aj ∩ Vk) ⊂ Cn+l ⊂ Cn for any n, l ∈ N, every Cn is open in X,
Cn = Cn,j,k.
At the same time limn→∞ sup{Nµ(x) : x ∈ Cn \ (Aj ∩ Vk)} = 0. Since card(Aj ∩ P ) ≥ c
for each subset P open in X, then for each ǫ > 0 there exists n0 ∈ N such that Int({x ∈
Cn \ Cn+l : Nµ(x) ≥ ǫ}) = ∅ for each n > n0 and l ∈ N, where Int(B) denotes the interior
of the subset B in X. Then µ(Aj ∩ Vk) = µ¯(clX(Aj ∩ Vk)) = µ(clX(Aj ∩ Vk)) = µ(Vk), since
clX(Aj ∩ Vk) = Vk ∈ Rµ(X), where X is the completely regular space dense in itself, here
clX(B) denotes the closure of a subset B in X.
But then it would be
∑2
j=1 µ(Aj ∩Vk) = 2µ(Vk), that contradicts to the additivity of the
measure: 2µ(Vk) = µ(A1 ∩ Vk) + µ(A2 ∩ Vk) = µ((A1 ∪A2) ∩ Vk) = µ¯(clX(A1 ∪A2) ∩ Vk)) =
µ(clX(A1 ∪ A2) ∩ Vk)) = µ(Vk), since the characteristic of the field K is zero, char(K) = 0.
Consequently, f is not measurable (see also Theorem 7.12 [20]).
Applying this proof to f−1 instead of f we get that f−1 as well is µ-non-measurable,
since f−1 satisfies conditions of the second section of the proof.
3. Theorem. Let G be a non-trivial locally compact Lie group over the non-archimedean
local field F, F ⊃ Qp, and µ be a non-trivial tight Haar measure on G with values in a local
field K ⊃ Qs, where p and s are mutually prime numbers, (p, s) = 1. Then the group
of its automorphisms Aut(G) has a family of the cardinality not less than 2c of distinct
µ-non-measurable automorphisms on G, where c := card(R) denotes the cardinality of the
continuum.
Proof. Since the group G belongs to the class of smoothness Cω, then for it the Lie
algebra g over F is defined. This Lie algebra is the finite-dimensional space over F, dimFg =
n ∈ N. Then the additive group for g is s-free. In view of the Monna-Springer theorem 8.4
[20] a Haar measure νn on it is defined with values in K such that νn(B(Fn, 0, 1)) = 1. It is
known, that the Haar measure on Bc(G) has not atoms.
Take a clopen compact subgroup W in G and an automorphism φ of the group G
from §2.13. Without loss of generality choose W such that for it there is satisfied the
Campbell–Hausdorff formula. In view of Lemma 2 of this section the automorphism φ is not
µ-measurable.
4. Corollary. The family Υ of non-measurable automorphisms from Theorem 3 has a
subfamily Ω of the cardinality card(Ω) ≥ 2c such that every f ∈ Ω being restricted on any
one-parameter subgroup over the field F in G is non-measurable relative to the corresponding
Haar measure on the subgroup with values in K.
Proof. The exponential mapping exp from a neighborhood of zero V0 in the algebra g
onto a neighborhood Ue of the unit element in G induces the image of the measure ν
n
exp on
Ue, where n is the dimension of g as the linear space over the field F, ν
n is the Haar measure
on Fn as the additive group, moreover, it has not atoms.
Theorem 7.34 in [20] states that if there are two measures λ and ζ on a covering ring
R of a topological completely regular totally disconnected space X, then the following two
conditions are equivalent: (α) there exists a locally ζ-integrable function h such that λ(dx) =
h(x)ζ(dx); (β) for each x ∈ X there exists b ∈ K with Nλ−bζ(x) = 0. Consequently, the
measure νnexp is equivalent to the restriction of the Haar measure µ on Ue, since exp is the
locally bijective of class Cω mapping. Then the Haar measure ν on F also induces the
measure ηg on the one-parameter subgroup gW = {g
t : t ∈ F, |t| < ǫ}, 0 < ǫ, where g ∈ gW .
This measure ηg is equivalent to the Haar measure µg on gW .
Then from §§2.13, 3.3 and Lemma 3.2 the statement of this corollary follows.
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5. Theorem. Let g be a non-trivial Lie algebra finite-dimensional over the field F with
a measure µ equal to the non-trivial K-valued Haar measure on an additive group of g. Then
the algebra g has the family of the cardinality 2c of µ-non-measurable automorphisms.
Proof. Take any algebraic automorphism φ of the field F from the proof of Theorem
2.13. Since g is finite-dimensional over the field F, then the non-trivial Haar measure µ on g
as the additive group for g with values in K is equivalent to the measure νn (see Definitions
1). The automorphism φ extends up to an automorphism of the algebra: φ(ajvj) = φ(aj)vj ,
φ(a1v1 + .... + amvm) = φ(a1)v1 + ... + φ(am)vm, φ([akvk, ajvj]) = [φ(ak)vk, φ(aj)vj ] for each
aj ∈ F, k, j = 1, ..., m, where v1, ..., vm is the basis of generators in g (see Definitions
2.1). Therefore, due to Lemma 2 the automorphism φ of the algebra g is (Bcµ,Bc(g))-non-
measurable. The family of such different automorphisms of the algebra g has the cardinality
2c.
6. Let G be a Cω non-trivial Lie group over a non-archimedean local field F, moreover,
G be complete as an uniform space. Suppose that µ : R(G) → K is finitely-additive and
there exists a clopen subgroup W in G such that the restriction µ|W is the tight non-trivial
measure on Bco(W ) with values in K such that Nµ(g) > 0 for each g ∈ G, moreover, µ
has not any atoms, where Bco(G) ⊃ R(G) ⊃ Bco(W ), R(G) is a covering ring for G. Let
exp : V → W be the exponential mapping for G as the analytic Cω manifold over F from
an open neighborhood V of zero in TeG on W . Also suppose that a tight K-valued measure
ν on R(TeG) is such that ν(J) = µ(exp(J)) for each J ∈ Bco(V ), where TeG is the linear
space of separable type over the field F, Bco(g) ⊃ R(g) ⊃ Bco(V ), R(g) is the covering ring
for g. Let as in Theorem 3 p and s be two mutually prime numbers, (p, s) = 1.
Suppose that G has a clopen subgroup W , exp : V →W , moreover, in W there exists an
everywhere dense subgroup S such that the restriction ln |S corresponds to the Campbell-
Hausdorff formula, where ln is the inverse mapping to exp.
Let πv : TeG→ Fv be a F-linear projection operator, where νv is equivalent to the Haar
measure on F, where v is the non-zero vector of the tangent space v ∈ TeG, νv(J) = ν(π
−1
v (J))
for each J ∈ Bc(F).
Theorem. Then such group G has a family Υ of (R(G)µ,R(G))-non-measurable auto-
morphisms of the cardinality not less than 2c, card(Υ) ≥ 2c. Moreover, Υ has a subfam-
ily P of automorphisms f , restrictions of which on one-parameter over F local subgroups
{exp(xv) : |x| < ǫ} in S are non-measurable relative to the corresponding K-valued Haar
measure on {exp(xv) : |x| < ǫ}.
Proof. The image ν on V of the measure µ with the help of the mapping ln, ν(B) =
µ(exp(B)) for every B ∈ Bco(V ) is extendable up to the tight measure on the corresponding
covering ring R(g), ν(B) :=
∑∞
j=1 ν((B − hj) ∩ V )s
j for every B ∈ R(g), where {(V + hj) :
j ∈ N, hj ∈ g} is the covering for g, since g by the condition has the separable type over F,
while the field F is separable and locally compact. As R(g) we can take the minimal ring
generated by
⋃∞
j=1 Bco(V + hj). Therefore, ν has tight measures as the projections νω(Fn)
on ω(Fn) for each embedding ω : Fn →֒ g as the F-linear space, νω(Fn)(B) = ν(π
−1(B)) for
each B ∈ Bc(ω(F
n)), where π : g → ω(Fn) is the projection operator.
The operator π is F-linear and it exists, since ω(Fn) is finite-dimensional over F, while the
field F is locally compact (see Theorems 5.13 and 5.16 [20] and [15]). The image νω(F)|V ∩ω(F)
with the help of exp generates the measure on the local one-parameter subgroup in S,
µg(B) = νω(K)(ln(B)) for every B ∈ R(gW ∩W ), which extends up to a tight measure µg on
gW .
Take an automorphism f of the group G from §2.19. In view of Lemma 3.2 and Nµ(g) > 0
for each g ∈ G we get that f is µ-non-measurable. The non-measurability of restrictions
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of f on one-parameter subgroups relative to the Haar measures on them follows from the
properties of φ again due to Lemma 3.2 and §2.13. The families Υ and P of such different
automorphisms of the group G due to §2.19 have the cardinalities not less than 2c.
7. Theorem. Let G be an infinite topological totally disconnected dense in itself Haus-
dorff group with a non-trivial tight measure µ on G having no any atom, moreover, Nµ(g) > 0
for each g ∈ G, while G is complete as the uniform space, card(U) ≥ c for each open U in
G. Then there exists a family Υ of µ-non-measurable distinct automorphisms of the group
G of the cardinality card(Υ) ≥ 2c.
Proof. Take an automorphism φ of the group G from §2.20. In view of Lemma 3.2 it is
µ-non-measurable. The family of such distinct automorphisms of the group G due to §2.20
has the cardinality not less than card(Υ) ≥ 2c.
8. Remark. If G is a Lie group over the field F of the class Cω, its tangent space TeG
is a Banach space of separable type over the field F, then there exist measures µ on G and
ν on TeG with the desired properties from §3.6 (see [11]).
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